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We show that quadratic divergences in top-quark condensation are cancelled when the tadpoles 
cancel. This latter cancellation is naturally implemented as the cancellation among the top-quark, 
Goldstone and Higgs contributions. We also calculate the bosonic correction terms to Gribov's mass 
formula for the Higgs boson. These reduce the prediction for Mh from 167 GeV to 132 GeV. The 
tadpole cancellation condition by itself is an independent condition on the mass of the Higgs boson 
which, in Gribov's U(l)y scenario, yields Mh ~ 117 GeV with large theoretical uncertainty. More 
generally, we are able to obtain all three masses, Mw, rrit and Mh, in 100 MeV to 10 TeV energy 
range as a function of the cut-off scale and the gauge couplings only. 



I. INTRODUCTION 

As is well known, the Standard Model, with an ele- 
mentary Higgs doublet field, suffers from the problem of 
quadratic divergences when radiative corrections, due to 
the loops of fcrmions, the top quark in particular, to the 
mass of the Higgs boson is calculated. This problem is of- 
ten referred to as the hierarchy problem, as we require an 
artificial fine tuning between the induced radiative mass, 
which is of the order of the cut-off scale, e.g., O(Mpi), 
and the counterterm to produce a mass of the order of 
the electroweak scale. 

This tempts us to speculate that the Higgs boson may 
in fact be composite. The simplest implementation of 
this idea is top-quark condensation 1-3]. It turns out, 
however, that this compositeness by itself is not sufficient 
to remove the problem of quadratic divergences, and fine 
tuning is still required in the simpler approaches to top- 
quark condensation. 

The problem of divergences can only be artificial, be- 
cause the same loop corrections, applied to the mass of 
the Goldstone bosons, produce a similar quadratic diver- 
gence, whereas the Goldstone theorem guarantees that 
spontaneous symmetry breaking results in massless Gold- 
stone bosons. This suggests that these quadratic diver- 
gences are an artifact, and will vanish if the condition of 
current conservation is implemented properly. 

For example, the approach of Chesterman, King and 
Ross [H uses the vanishing of the mass of the Goldstone 
boson as a consistency check, and is able to obtain sen- 
sible values for the mass of the Higgs boson. 

A more direct investigation into this point regarding 
current conservation was made by Gribov in ref . [5| , and 
his results are in quantitative agreement with ref. [|J. 
In that paper, he implemented the symmetry condition, 
somewhat by force, by requiring that the Goldstone- 
boson self-energy vanishes in the soft limit. The mass 
of the Higgs boson is then obtained by subtracting off 
the Goldstone-boson self-energy, leading to the following 
Pagels-Stokar-type equation for the mass of the Higgs 



boson: 



M H 
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This gives the mass Mh = 167 GeV for the Higgs boson 
using the top-quark mass mt = 174 GeV and as = 0.11 
as input. Gribov's cut-off A is given by the U(l)y Landau 
pole, ~ 10 42 GeV, but the results are relatively insensi- 
tive to the value of the cut-off scale. This value of Mh is 
not far from the recent LHC results [6-8] which suggest 
Mh ~ 125 GeV. It is worth noting here that eqn. (Q~]) is 
general and is independent of the physics that causes the 
cut-off. 

Our questions are the following. First, what may 
be the justification for this procedure, in particular the 
mechanism for the cancellation of the divergences? Sec- 
ond, whether there may be correction terms due to the 
loops of Goldstone and Higgs bosons in eqn. JT]). 

Concerning the first question, we shall show in this 
paper that the quadratic divergences are proportional to 
the tadpole and therefore vanish when the vacuum is sta- 
ble. Although this statement must be independent of 
the basis, it is most easily verified by defining the Gold- 
stone bosons as the divergence of the weak current so 
that derivative couplings do not arise. 

Our analysis is quite general in the sense that no new 
interactions are introduced up to the UV cut-off scale. 
This procedure has the well-known phenomenological dis- 
advantage that the mass Mw of the W boson is predicted 
to be too low for fixed m t or, equivalcntly, m t is predicted 
to be too large for fixed J%. This is partially alleviated 
by taking large A such as, as in Gribov's scenario, the 
U(l)y Landau pole. Even this is not sufficient and, as 
remarked in ref. [5j, more UV contribution is required, 
which may be, one would naturally guess, due to strong 
dynamics at near and above the cut-off. 

The methods of our analysis are analogous to those 
in ref. |9J that are worked out in the context of anti- 
ferromagnetism. The second of the questions above is 
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also addressed within this framework, and we find that 
the correction to eqn. (JXJ) is large and negative. 

As an explanation of our framework, we implement 
current conservation by requiring the vanishing of the 
Ward-Takahashi identities. This fixes the bosonic three- 
point and four-point couplings. In other words, the shape 
of the Higgs potential is fixed by current conservation, 
and this turns out to be of the same form as that of 
the Standard Model. We then implement the vacuum- 
stability condition, namely that the Higgs — > X one-point 
function, or the tadpole, vanishes. 

Note that the cancellation of the tadpole, which 
is imposed as the cancellation among the top-quark, 
Goldstone-boson and Higgs-boson loops, is by itself an 
independent condition on the symmetry-breaking param- 
eters. This yields 



Ml » 8m 2 t (X 2 ), 



(2) 



which implies Mjj rj 117 GeV in the U(l)y scenario, if 
we only include the QCD part of the running. This is 
very close to the LHC value, but this remarkable success 
should not be taken too seriously, because this condition 
will be affected by the renormalization, due to the U(l)y 
interaction, of the top-quark mass at near the Landau 
pole. 

It should be noted that this extra condition on the 
Higgs mass, in principle, completely fixes the symmetry- 
breaking parameters. That is, all three masses, Mw> fn% 
and Mjj, are fixed for given values of the cut-off scale 
and gauge couplings. This provides a natural solution 
to the hierarchy problem and, indeed, we obtain a large 
hierarchy that is comparable with the actual hierarchy 
between the UV and EWSB scales. 

The form of the UV theory does not affect our analy- 
sis at the present level of approximation, so long as the 
symmetry is spontaneously broken by a UV condensate 
which exists only at high energies. This requires a super- 
critically strong UV interaction, and a natural candidate 
is Gribov's U(l)y scenario. We discuss the physics of 
this scenario. 



II. CURRENT CONSERVATION CONDITIONS 

Tadpole cancellation in bosonic self-energy was, in 
part, discussed by Gribov himself in the context of chiral 
symmetry breaking in ref. (Io| . However, he imposes tad- 
pole cancellation there by introducing a boson-boson- 
quark-quark term (e.g., eqn. (132) of ref. [13]) to cancel 
the anomalous term in the Ward-Takahashi identity as- 
sociated with Compton scattering. One problem in doing 
so is that this will lead to the necessity of introducing an 
infinite number of ./V-boson-quark-quark couplings. 

In ref. [9], and in the context of anti-ferromagnetism, 
we proposed a more economical mechanism which also 
seems to us to be more natural. Here, only the three- 
point and four-point couplings among the Goldstone and 
Higgs bosons are needed, and these couplings are fixed by 



symmetry conditions such as the Ward-Takahashi iden- 
tities. 

We shall demonstrate that the couplings are consis- 
tent with the Standard-Model-like quartic Higgs poten- 
tial. In the low-energy effective theory, the phenomenol- 
ogy is identical to that of the Standard Model, at least 
insofar as the couplings to the bosons and the top quark 
are concerned. As for the other fermionic Yukawa cou- 
plings, it is natural to assume that they are as given by 
the Standard Model though, strictly speaking, other pos- 
sibilities cannot be ruled out. 

Let us start with the fermionic vertex function for the 
left-handed SU(2) current. As discussed in ref. [5[, Ward- 
Takahashi identity is satisfied by the following modified 
vertex: 



/' 



+ 



/' 
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(3) 

Here, the small blob stands for the unmodified vertex 
\"i^<J a and the two-point function (f a bP)j, in Gribov's no- 
tation) which follows from that, and the asterisk stands 
for the vertex that is modified by the inclusion of the 
Goldstone-boson contribution. The dashed line stands 
for one of the three Goldstone bosons G°, G ± . 

The Ward-Takahashi identity, applied to the modified 
vertex, fixes the G coupling to fermions to be, for exam- 
ple, 



9g° = 



2/' 



(4) 



where /, the Goldstone-boson form factor, is defined by 
the two-point function of eqn. @. / = v/2, where v is 
the usual 'vacuum-expectation value of the Higgs field'. 
Note that the Feynman rules are, as usual, given by — ig. 
This will apply to all couplings that appear in the follow- 
ing. 

The same exercise may be repeated for the bosonic 
vertex: 
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H 



(5) 

The unmodified vertex is necessarily proportional to pg + 
Ph (momenta flows left to right, or more generally G 
to H) in order to satisfy the Ward-Takahashi identity, 
and the normalization is fixed by the Ward-Takahashi 
identity applied to the amplitude shown in fig. [TJ 
This fixes the GGH coupling to be: 



9GGH 



Ml 
2/ ' 



(6) 



when the Yukawa coupling of the Higgs boson to fermions 
is given by 

m = Tf (7) 
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FIG. 1. The three diagrams whose sum must satisfy the 
Ward-Takahashi identity. 
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Note that the Higgs-boson self-coupling is not fixed by 
current conservation conditions but either by loops or by 
the symmetry between Goldstonc and Higgs bosons. As 
noted in ref. [f|, these turn out to be the same as the 
couplings of the Standard Model: 



9hhh — 



This implies 



3M| 
2/ : 



9GGHH 



3M^ 

9HHHH = -Jjf- (10) 



4/2' 



(11) 



We notice that the effective Lagrangian for the multi- 
boson interaction terms can be written as 



err 



M 2 



G- + (G ) 2 + (v + Hf - v 2 \ 



(12) 

In terms of the Standard-Model Higgs-doublet field 
this expression is proportional to ($^$ — v 2 ) 2 . That is, 
the mass-generation mechanism of the effective theory is 
equivalent to that of the Standard Model. 



III. TADPOLE CANCELLATION 



FIG. 2. Four diagrams whose sum must satisfy the Ward- 
Takahashi identity. Not all diagrams are present for all com- 
binations of G 

Next, we consider the Ward-Takahashi identity in the 
set of amplitudes that are described by fig. [2] This allows 
us to work out the Goldstone-boson quartic couplings: 



9g+g-g°g° 
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= M 2 H /4f 2 , 
= 2M 2 H /4f 2 , 
3M 2 H /4f 2 . 



(8) 
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FIG. 3. Four diagrams whose sum must satisfy the Ward- 
Takahashi identity. 

We then turn to the set of amplitudes that are de- 
scribed by fig. El and obtain 



9GGHH 



9GGH 



9HHH \ 
2 J 



(9) 



We now consider the tadpole cancellation condition: 




(13) 



Let us neglect the contribution of all fermions other than 
the top quark. This yields 



dq 2 



N c 



4m 2 (q 2 



3 M£(0) 
2 



M 2 H {q 2 ) 



0. 



2/ 2 2/ 

(14) 

where the simplification q 2 ^> m|,M^ has been made. 
The shorthand notation m t — m t (m 2 ) is used. Note that 
in the Goldstone loop, Mh is not corrected by renormal- 
ization effects. This is in contrast to the Higgs-boson 
loop, which is suppressed because of the running Higgs 
mass. We have neglected the renormalization effects to 
f 2 , which are relatively small, due to the Goldstone and 
Higgs boson propagators. 

Since eqn. (fTij) is dominated by the large energy region, 
wc then obtain 



M 2 H (0) « 8m?(A 2 ), 



(15) 



as discussed in the introduction. Strictly speaking, the 
scale on the right-hand side should be slightly below A. 
The running of the top quark mass is as given by eqn. (10) 
of ref. [a|: 



m t (q 2 ) = m t (a s (q 2 ) / a s (m 2 )) 



4/7 



(16) 
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where only the QCD part of the evolution is included, 
and 

a -\f)= + 1- In 4- (17) 

47r m| 



tadpole cancellation condition is imposed. The contribu- 
tions of figs. [SJi and c are quadratically divergent, and we 
shall show that they mutually cancel. The contribution 
of fig. [Sb provides a correction to eqn. (TTJ). 



(a) 



(b) 



Higgs mass from tadpole cancellation 



% 400 
x 




FIG. 4. Mh(0) as a function of the cut-off scale A, using 
eqn. (fl5]l. for m t {m t ) = 174 GeV. Only the QCD part of the 
evolution is included. 



The result of eqn. (|T5j) is shown in fig. [4] The U(l)y 
scenario yields M H = 117 GeV, when A (~ 10 42 GeV) is 
given by eqns. (45) and (46) of ref. Q: 



(^(A 2 ))- 1 = (a'(m 2 ))" 



— In — * 

37r mi 



0. 



(18) 



As mentioned in the introduction, this spectacular agree- 
ment with the LHC results should be treated with 
caution and suspicion. The full running nit, which in- 
cludes both QCD and U(l)y running, formally vanishes 
at the Landau pole. The reason for our omitting the lat- 
ter running is that the effect is much less than the QCD 
running, except at very near the Landau pole. Further- 
more, at near the Landau pole, the perturbative result 
for the running mass cannot be trusted. 

Having said that, we may, as a means of error esti- 
mation, include the U(l)y running effect in eqn. (| 14[) 
which is then evaluated literally. This yields 88 GeV. 
Thus there is roughly 25 % error in our prediction of 
M H = 117 GeV. 

Even so, this result provides some support to Gribov's 
U(l)y scenario since, as can be seen from fig. HI low Mu 
requires large A. 



IV. BOSONIC SELF-ENERGIES 

The three types of Feynman diagram for the self-energy 
of Goldstone and Higgs bosons are shown in fig. [3J We 
have not shown the tadpole diagrams of the form dis- 
cussed in the previous section, as these are zero if the 



(c) 



FIG. 5. The diagrams for the self-energy of the Goldstone 
and Higgs bosons. Diagram b involves the gcGH and §hhh 
couplings, and diagram c involves Qgghh , 9gggg and Qhhhh 
couplings. 

Let us consider the Goldstone-boson self-energy. At 
zero external momentum, the contributions of the three 
diagrams are given by: 



d A k m 2 t N c 
{2tt)H 4/ 2 



Tr 



1 



k 2 



yG 



d 4 k 



(2tt) 4 z 4/ 2 fc 2 (fc 2 -M 2 H Y 



d 4 k 



(27r) 4 i 4/ 2 
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2k 2 



2(fc 2 



(19) 
(20) 
(21) 



We see that adding together these three equations yields 
zero so long as the tadpoles cancel. For a more for- 
mal, all-order treatment of such cancellations in the 
Goldstone-boson mass, we may, for instance, consider 
the non- vanishing part of j/'An^,, in eqn. (29) of ref. [| 
and show that this is equivalent to tadpole contributions. 
As a generalization, we note that the divergences cancel 
in any case in Goldstone-boson self-energy, regardless of 
the vanishing of the tadpoles, if the tadpole diagrams are 
added explicitly to fig. [5] 

Because the Goldstone-boson self-energy must be equal 
to — p 2 , calculating S G at finite and small external mo- 
mentum allows us to work out /, and this reproduces 
eqn. (14) of ref. 



el 2 



a s (m 2 ) 



i/r 



(22) 



The bosonic contributions do not give logarithmic cor- 
rections to this equation. This equation predicts m* as a 
function of Myy, or vice versa and, as a generic problem 
in top-quark condensation approaches, it is well known 
that the predicted m* is too high. For example, Gribov 
@ predicts m t = 215 GeV for a s (m 2 t ) = 0.11. In ref. 0], 
this discrepancy is attributed to UV contributions near 
the Landau pole due to the strong dynamics. This is one 
possibility, but another source of the discrepancy may 
be new contributions (e.g., gravitational) at high scales, 
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since eqn. (|22|) is relatively sensitive to the mass evolu- 
tion at high scales, unlike eqn. (JXJ) which is affected by 
rat quartically and is therefore less sensitive to the UV 
region. 

Let us now turn to the Higgs-boson self-energy. These 
are also given by the three diagrams shown in fig. [3] The 
amplitudes at zero external momentum are now given by 



yH 



s ff = - 



d A k m 2 t N c 
{2tt)H 4/ 2 
d 4 k M 4 
{2tt)H 4/ 2 
d A k M H 
(27r) 4 i 4/2 



Tr 



(fc 2 



3 

3 
2fc2 



9 



2(fc 2 - M|) 2 



2(fc 2 



(23) 
(24) 
(25) 



The sum of the quadratic divergences of and is 
proportional to the tadpole and therefore vanishes. We 
then obtain 



M 







H 



167T 2 /2 



q 2 



mt(q 2 ) 



M 4 (0) + 3M 4 (g 2 ) 
16 

(26) 

correction to 



The second term of eqn. (|26l) gives a 
eqn. jTJ. 

In order to solve this integral, we need the running Afjy. 
This is obtained by writing the left-hand side of eqn. (|26|) 
as M H (Q 2 ), changing the lower limit of integration to 
Q 2 , and replacing Mg(O) by Mh{Q 2 )- The low-energy 
Higgs mass, i.e. M#(0), is then obtained by solving the 
resulting integral equation numerically. 
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Above A « 10 10 GeV, the uncertainty, which may be 
estimated by varying m t and ctg, becomes nearly con- 
stant. For example, by varying m t by ±5 GeV, we obtain 
±5 GeV variation in Mh, and by varying as by ±0.01, 
we again obtain ±5 GeV variation in Mh- The com- 
bined error is thus ±7 GeV. Other sources of uncertainty 
are: the higher-order corrections which are expected to 
be small when the running couplings are small; the UV 
correction near the Landau pole; and other UV interac- 
tions which may be present. 

Note that the Higgs mass prediction of fig.|4]is indepen- 
dent of the prediction of fig. |U The former was obtained 
by the condition that the tadpole vanishes, and the lat- 
ter was obtained by evaluating the self-energy integrals. 
If both predictions are literally true, it follows that the 
point at which the two predictions match, which comes 
out to be about 10 32 GeV, is the true scale of the UV 
cut-off. 

Another way of saying the same thing is that given a 
value of the UV cut-off, and the running coupling con- 
stants, we can work out all three of Mw, mt and Ms as 
opposed to the previous studies in which Mh is predicted 
for given mt and the cut-off, and so on. This follows be- 
cause we now have three equations, namely eqns. (|14[) . 
(f2"2"| and (f2"6"]l . as opposed to two. The combined set of 
equations may be solved by solving the following integral 
equation: 



H(r) 



(R/r') 16 / J - 4( M 2 (r) + 3^ 2 (r')) 
IAR(RV 7 _ i) 



dr', (27) 



numerically, with the condition /i(i?) = 0. We 
then search for a value of R that satisfies /i(l) = 
M H /8m 2 {\ 2 ) = 1. By doing so, we obtain 



R = a s (m 2 )/a s (\ 2 ) = 7.31. 



(28) 



This ratio corresponds to a significantly large hierarchy. 
We plot the resulting nit and v as a function of the cut- 
off scale A, in fig. [7] Mh is indistinguishable from m t on 
the logarithmic scale. 

Taking A to be the U(l)y Landau scale yields 



X I GeV 

FIG. 6. Mh against the cut-off scale, with the bosonic cor- 
rection (continuous line) and without (dotted line). Only the 
QCD part of the evolution is included. 

The result of this calculation is shown in fig. [6l using 
m t = 174 GeV and a s = 0.11. We sec that in the U(l)y 
scenario, Mh is reduced from 167 GeV to 132 GeV. Mh 
also becomes more independent of A, and we find that 
the maximum value Mh ~ 141 GeV is obtained for A ~ 
10 15 GeV. 



mt = 4.29 x 10 4 GeV, (29) 

which is only two orders of magnitude away from the top- 
quark mass scale. In order to cover the two remaining 
orders of magnitude, we will need to resolve the mt/Myy 
discrepancy discussed below eqn. (|2"2")l . We should men- 
tion here that the variations of m t and as cannot explain 
the two-orders-of-magnitude difference. 

One should beware of hasty conclusions, from fig. [71 
that the cut-off scale is at ~ 10 24 GeV. The numbers 
that are shown are sensitive to possible corrections, e.g., 
the choice of energy scale, in eqn. (fl4")> . and the need to 
produce a value of v/mt that is as large as the observed 
value favours large A. 
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top mass and v vs. cut-off scale 



> 

a 




A. /GeV 

FIG. 7. mt and v as a function of the cut-off scale A, using 
eqn. (|27[) and eqn. (I22|l . Only the QCD part of the evolution 
is included. 



V. DISCUSSIONS 

Our result shows that the electroweak scale is not nec- 
essarily fixed by the parameters at the UV scale. Rather, 
it is fixed by dimensional transmutation, and this in turn 
is governed by the condition of vacuum stability and the 
radiative effects. 

What conditions are necessary, then, in order that 
symmetry breaking occurs in the first place? 

In our opinion, it is sufficient that the symmetry is 
broken by a chiral condensate which appears at a high 
scale. This requires that a coupling constant becomes 
large. Gribov has shown [ll[ that supercriticality and 
chiral symmetry breaking occurs when the relevant cou- 
pling constant satisfies 



a/ir > 0.137. 



(30) 



Gribov's U(l)y scenario is a natural candidate, but one 
will then need to show that the gravitational coupling 
will not satisfy this condition. A possibility would be 
that gravitation is described by a weak-coupling theory 
above the Planck scale, becomes strongly coupled near 
the Planck scale, and reduces to Einstein gravity at low 
scales. For example, it may be that scale generation at 
the U(l)y pole is itself the source of scale generation in 
gravity. 

It is interesting to ask, what might be the behaviour 
of the U(l)y coupling at high scales? This question was 
addressed partially in ref. [12J. We argued that when 
the U(1)em coupling grows large, it will decouple asaoc 
q 2 . The effective coupling experienced by the electrons 
is then given by 



1 



d\na 



1 

N' 



(31) 



d\nq 2 

where 6q is the first coefficient of the beta function. If 



we can use the U(l)y beta function here, then the effec- 
tive coupling will tend to 37r/5, which is large compared 
with 0.1377T. Thus chiral symmetry breaking will almost 
certainly occur by U(l)y. 

The condensate which appears at high scales must 
have decayed to fermions and Goldstone bosons at low 
scales, from phenomenological reasons. First, the ob- 
served masses of particles are light. Second, a conden- 
sate will lead to a cosmological constant which is much 
heavier than is observed. 

If EWSB is due to the formation of the supercritical 
condensate at high scales, one must ask the question of 
whether the supercritical states might affect the running 
of the parameters. Our answer is that the Goldstone and 
the Higgs states are supercritical states, but the other 
states cannot affect the running, because the Goldstone 
and the Higgs are the only states whose masses are pro- 
tected by symmetry from growing large. The other su- 
percritical states will have masses that are of the order 
of A. 



VI. CONCLUSIONS 

We have shown that Gribov's cancellation condition in 
top-quark condensation may be rephrased as the cancel- 
lation, between the top, Higgs and the Goldstone con- 
tributions, of the Higgs-boson tadpole. This is a phys- 
ical condition which must be satisfied in order that the 
ground state is stable. The low-energy phenomenology 
following from our analysis is equivalent to that of the 
Standard Model. 

Tadpole cancellation gives us an extra condition for the 
mass of the Higgs boson. In Gribov's U(l)y scenario, we 
obtain Mh ~ 117 GeV. This is in good agreement with 
the recent LHC announcement, Mh ~ 125 GeV, but our 
numbers are subject to ~ 25 % error due to the run- 
ning of the top-quark mass in the UV region. We have, 
furthermore, been able to calculate the bosonic contribu- 
tion to Gribov's mass formula, eqn. (JTJ), which reduces 
Gribov's prediction of M H = 167 GeV to 132 GeV. The 
error here is estimated to be ±7 GeV. 

The two predictions of Mh are independent. We may, 
by requiring that the two predictions match, work out 
the cut-off scale, which comes out to be ~ 10 32 GeV. Al- 
ternatively, we may work out the low-energy parameters 
for a given value of the cut-off scale. In Gribov's scenario, 
we obtain m t ~ 40 TeV, which is remarkably close to the 
actual scale, starting from A » 10 42 GeV, with no other 
input than the values of the dimensionless couplings and 
their running. 
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